A VARIATIONAL REPRESENTATION AND LARGE 
DEVIATIONS FOR FUNCTIONALS OF G-BROWNIAN MOTION 



FUQING GAO 

Abstract. A variational representation for functionals of G-Brownian motion is 
established by a finite-dimensional approximate technique. As an application of 
the variational representation, we obtain a large deviation principle for stochastic 
flows driven by G-Brownian motion. 



1. Introduction 

Peng ([2D]) proposed G-Brownian motion and G-expectation. The stochastic anal- 
ysis under the G-expectation (G-stochastic calculus) has had many important pro- 
gresses in recent years (cf. [22] arid references therein). For a connection between 
Denis and Martini (|9j) and the G-stochastic integration theory of Peng ([2D]), we 
refer to Denis, Hu and Peng ([ID]), and Soner, Touzi and Zhang ([22]). The G- 
stochastic calculus also provides a framework for financial problems with uncertainty 
about the volatility and a stochastic method for fully nonlinear PDEs (cf. |9j,[20j, 
[26]). 

The purpose of this paper is to establish a variational representation for func- 
tionals of G-Brownian motion and a large deviation principle for stochastic flows 
driven by G-Brownian motion. We obtain the following variational representation 
for functionals of G-Brownian motion: 

E G ( e *( B )) = eX p i sup E G ($ (B v ) — H^ijf)) 1 , (1.1) 

[ie(M 2 (0,T))i J 

where $ G Lq{VLt) bounded, {B t ,t G [0,T]} is a G-Brownian motion and {{B) t ,t G 
[0,T]} is its quadratic variation process, B% = B t + f*r] s d(B) s and H^{rf) = 

\ Y^t,j=i Jo Vivid (B)i j . The definitions of E G , L^(n T ), M 2 (0,T), the G-Brownian 
motion and the quadratic variation process will be given in Section 2. As an ap- 
plication of the variational representation, we obtain a large deviation principle for 
stochastic flows driven by G-Brownian motion. 

In the classical variational representation of functionals of finite dimen- 

sional Brownian motion was first obtained by Boue and Dupuis ([4]). Chen and 
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Xiong ([?]) considered the variational representations under a (^-expectation which 
is defined by a backward stochastic differential equation. The variational represen- 
tations have been shown to be useful in deriving various asymptotic results in large 
deviations (cf. [I], [5], [6], [11] and [23]) and functional inequalities (cf. [3]). 

Under G-expectation, the complicated measurable selection technique in [I] can- 
not be used and the Clark-Ocone formula is not available. In this paper, we will 
develop finite-dimensional approximate technique under G-expectation. We prove 
that a finite-dimensional functional for G-Brownian motion can be approximated by 
a sequence of G- stochastic differential equations, which plays an important role in 
the proof of the upper bound. The lower bound will be proved by the G-Girsanov 
transformation (cf. [22]) and bounded approximation. In particular, this also pro- 
vides a new proof for the variational representations of Boue and Dupuis. 

The remainder of the paper is organized as follows. In Section 2 we recall some 
basic conceptions and results under G-framework. The variational representation 
is proved in Section 3. An abstract large deviation principle for functionals of G- 
Brownian motion is presented in Section 4. A large deviation principle of stochastic 
flows driven by G-Brownian motion is established in Section 5. 

2. G- EXPECTATION AND G-BROWNIAN MOTION 

In this section, we briefly recall some basic conceptions and results about G- 
expectation and G-Brownian motion (see [10], [20], jZE] and [22] for details). 

2.1. Sublinear expectation. Let Q be a given set and let H be a linear space of 
real valued functions defined on Q with c G % for all constants c, and satisfying: if 
Xi G H, i — 1, - • • , d, then 

<p(X!, ■ ■ ■ , X d ) G U, for all (p G Up(R d ), 

where lip(M. d ) is the space of all bounded and Lipschitz continuous functions on M. d . 

A sublinear expectation E on H is a functional E : T-t i— > M satisfying the following 
properties: 

Monotomcity: If X > Y then E(X) > E(F); 

Constant preserving: E(c) = c; 

Sub-additivity: E(X) - E(Y) < E(X - Y)\ 

Positive homogeneity: E(AX) = AE(A), VA > 0. 
The triple (O, T-L,K) is called a sublinear expectation space. X G T-L is called a 
random variable in (fl, H). 

A m-dimensional random vector X = (X\, ■ ■ ■ ,X m ) is said to be independent of 
another n-dimensional random vector Y = (Yi, ■ ■ • , Y n ) if 

E(v?(X, Y)) = E(E(<p(X, y)) y=Y ), for (p G lip(R m x R n ). 

Let X\ and X2 be two (i-dimensional random vectors defined respectively in sub- 
linear expectation spaces (f2i,%i,Ei) and (0 2 ,%2,E 2 ). They are called identically 
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distributed, denoted by X\ ~ X 2 , if 

ExM^O) = E 2 (<p(X 2 )), Vy? G C b . Lip (W n ). 

A d- dimensional random vector X = (X 1? • • • ,Xd) in a sublinear expectation 
space (fl, 7i, E) is called G-normal distributed if for each a , b > we have aX+6X ~ 
\Ja 2 + 6 2 X, where X is an independent copy of X. The letter G denotes the function 
G : § d i->- R: (7(A) := |E((AX,X)), where § d is the collection oi d x d symmetric 
matrices and (•, •) denotes the inner product in R d , i.e., (x, y) := Y^i=\ x% V^ f° r an y 
x = (xVy,x d ),j/ = (s/\...,s/ d )eR d . 

Let d- dimensional random vector X = (Xi, ■ ■ ■ ,Xd) in a sublinear expectation 
space (f2,"H,E) be G-normal distributed. For each (p G /^(I^), set u(t,x) = 
E + , £ > 0, rr G M d . Then u(t,x) is the unique viscosity solution of 

the following equation, 

— -G {D 2 x u) =0,t>0,xe R d , u(0, x) = V {x), (2.1) 

where Dlu = (dl ixj u)f j=1 is the Hessian matrix of u. 

The inner product in E> d is defined by (A ± ,A 2 ) = Yltj=i a i(hj) a 2(hj) for A\ = 
(ai(i, j))dxd ,A 2 = (a 2 (i, j))dxd- Then the map G : E>d >->■ K is a monotonic and 
sublinear function, i.e., for A,Ae E>d, 

( G(A + A) < G(A) + G(A), 

\ G(XA) = XG(A), for all A > 0, (2.2) 
[ G(A) > G(A), if A > A. 

For a monotonic and sublinear function G : S d >->■ K given, there exists a bounded, 
convex and closed subset EcS} (the non-negative elements of Sd) such that G(A) = 
\ sup creE (A, a). Throughout this paper, we assume that there exist constants < 
a < a < oo such that 

£ C {o- G § d ; o;/ dxd < a < <7/ dxd } . (2.3) 

2.2. G-Brownian motion and G-expectation. Let denote the space of all 
Revalued continuous paths cu : (0, +oo) 3 t i — > uo t G K ', with oj = 0. Let 
#(fi), Ai, L°(Q), Bb(Q) and C&(S1) denote respectively the Borel cx-algebra of fl, 
the collection of all probability measure on fl, the space of all £>(f2)-measurable real 
functions, all bounded elements in L°(fl) and all continuous elements in Bb(Q). For 
each t G [0, oo), we also denote fl t := {cj. m : oo G fl}; T t ■— B(fl t ); L°(fl t ): the 
space of all i3(f2 t )-measurable real functions; B b (fl t ) := B b (fl) fl L°(fl t ); C b (fl t ) '■= 

c b (fi) n L°(n t ). ' 

For each t > 0, set 

L ip (a) := {</?(u; tl ,u; t2 ,---u; t J : n > ••• ,£„ G [0, £],</? G Zip((R d )"))} ■ 
Define L ip (ft) := (J~=i C G 6 (ft). 
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Let G : §d H- M be a given monotonic and sublinear function. A continuous pro- 
cess {B t (u)} t >o i n a sublinear expectation space (f2,%,E G ) is called a G-Brownian 
motion if it has stationary and independent increments, B = 0, B\ is G- normal 
distributed and E G (B t ) = -E G (-B t ) = for t > 0. 

The topological completion of L ip (Q t ) (resp. L ip (Q)) under the Banach norm 
|| ■ || P>G := (E G (| ■ \P)f/P is denoted by L G (Q t ) (resp. L G (fi)), where p > I. E G (-) can 
be extended uniquely to a sublinear expectation on L G (Q). We denote also by E G 
the extension. It is proved in [10] that L°(Q) D L G (Q) D Cb{Q), and there exists 
a weakly compact family V of probability measures defined on (O, B(Q)) such that 
E G (X) = sup PeP E P {X) for X G C b (Q). E G (-) has the following regularity ( [TO] ) : 
For each {X n }™ =l in C 6 (fi) with X n I on fi, E G (X„) | 0. We also denote 

E G (X) = supEp(X), X G L°(fi). 

PGP 

The natural Choquet capacity associated with E G is defined by 

c G {A) := supP(A), AeB(fi). 
PeP 

A set A C is polar if c G (A) = 0. A property holds "quasi-surely" (q.s.) if it holds 
outside a polar set. A mapping X on Q with values in a topological space is said to 
be quasi-continuous (q.c.) if for any e > 0, there exists an open set O with c G (0) < e 
such that X|o is continuous. L G (Q) also has the following characterization ([10]): 

L G {9) = {Xe L°(Q); lim E G (|X| P J { | X |>„ } ) = 0, 

and X is c -quasi surely continuous}. 

Let us recall the representation theorem of G-expectation. For a monotonic and 
sublinear function G : E>d i— > R given, there exists a bounded, convex and closed 
subset E C S£ such that = | sup CTeE (A, a). Set T := {7 = (T 1/2 ,a G E}. 

Let P be the Wiener measure on Q. Let ^4qoo be the collection of all T- valued 
{J~t,t > 0}-adapted processes on the interval [0, +00), i.e., {9 t ,t > 0} G Aq^ if and 
only if 9 t is JFf measurable and 9 t G Y for each t > 0, and let Pq be the law of the 
process { J * 9 s du s , t > 0} under the Wiener measure P. The representation theorem 
of (j-expectation([X0]) is stated as follows: for all X G L G (Q) 

E G (X) = sup E Pe (X). (2.4) 

2.3. G-Stochastic integral and quadratic variation process. Given T > 0. 
For p G [l,oo), let M G ' u (0,T) denote the space of R-valued piecewise constant 
processes 

ra-l 
i=0 
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where % G L^(^), = t < h < ■ ■ ■ < t n = T. For rj G Mg'°(0, T), j = 1, ■ • • , d, 
the G-stochastic integral is defined by 

n-l 



P( V ):= / Vs dBi:=J2vu(Bi +1 -Bl 



Let Mg(0,T) be the closure of Mg'°(0,T) under the norm: ||#||^p (0T) := E G M prf *) • 

Then the mapping P : Mq°(0 7 T) — >■ L 2 G {yi T ) is continuous, and so it can be contin- 
uously extended to Mq(0,T). 

For any r? = (r? 1 , • • • , r) d ) G (M ( |(0, T)) d , define 

[ T Vs dB s = J2 ( T <dBi. 
Jo i=1 Jo 

The quadratic variation process of G-Brownian motion is defined by 

(B) t := ((Byj)i<iJ<d = {b\BI - 2 f BldBi) , < t < T. 

V Jo J l<i,j<d 

(B) t is a §<f _ valued process with stationary and independent increments. 
For any 1 < i,j < d, define a mapping Mq'°(0,T) ^ Lg(fii) as follows: 

Jo k=0 

Then Qo r can ^ e uniquely extended to M G (0, T). We still denote this mapping by 

Vs d(B^ = QI T (V), veMh(0,T). 
For 7] = (r]\ ■ ■ ■ , r/ d ) G (M G (0, T)) d , define 

j\ s d(B) s = (j^j\ld{B) 

and for 77 = (^') dX(i G (M^(0, T)) dxd , define 

[\ s d(B} s =J2 frfid(Byi. 
Jo iJ=1 Jo 

2.4. G-Girsanov formula. In one dimensional case, under a strong Novikov-type 
condition, Xu, Shang and Zhang ([29]) obtained a Girsanov formula under G- 
expectation based on the martingale characterization theorem ([28]) of G-Brownian 
motion. A multi-dimensional version of the G-Girsanov formula is presented in [19J. 



1.1 

s 

/ dxl 
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For i] = (77 1 , • • • ,t] d ) G (M^.(0,T)) d satisfying the following strong Novikov con- 
dition: 



r ij=i Jo 



E G ^exp { -(1 + e)) > ' / iiWjKBYJ } J < x. for sonic r > 0. (2.5) 
we define 

fi? = exp { I Vs dB s - ^ > ] I rf s 4d{BYi },0<t<T. (2.6) 



[Jo Z i,j=i Jo 



■;3 = 

Then is quasi-continuous. By the condition (12. 5ft . t G [0,T] is a martingale 
under each P e , and G L^(fit), t G [0,T] (cf. [29]). Set 

dP g ,„ = S'^dPe, (2.7) 

and 

E G ^(X) = sup P 9j „(X), X G L ip (fi T ). (2.8) 



Let L l G ll {VL t ) be the completion of (L ip (tt t ), E G ' ri (\ ■ |)). Then E G ' V can be extended 
to Lq (Qt), an d the following G-Girsanov formula holds: 

G-Girsanov formula. ([29], [IH]) Under the condition (12.51) . 

Bp:=B t - [\ s d(B) s , te[0,T] 
Jo 

is a G- Brownian motion under E G,r? . 

3. A VARIATIONAL REPRESENTATION FOR FUNCTION ALS OF G-BROWNIAN 

MOTION 

The main result in this section is the following variation representation for func- 
tional of G-Brownian motion. 

Theorem 3.1. Let $ G L^(fi T ) be bounded. Then 



E G ( e *( fl )) =exp <^ sup E G ($ (5") - # G (r?)) 

= exp i sup E G ($ - ^^(77)) \ , 

\v£(M% (0,T)) d nB b (n T ) 



(3.1) 



w/iere B? := 5 4 + J^r] s d(B) s , 

H?(v) = \Y, ft4d{B)^ t G [0,T]. (3-2) 

1,7=1 ^° 
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Remark 3.1. (1). The following proof of Theorem Iff. II is not depend on the rep- 
resentation for ordinary Brownian motion, the variational formula of the relative 
entropy, the measurable selection technique and the Clark- O cone formula. In partic- 
ular, this also gives a new proof of the representation for ordinary Brownian motion 
in [I]. 

(2). Notice that the G-expectation is the supremum of a collection of expectations 
so that the canonical map in Wiener space is a martingale under the expectations. If 
the representation for ordinary Brownian motion can be extended to continuous mar- 
tingales, then Theorem \3.1\ can be obtained from this extension. But the extension 
is not available. 



Lemma 3.1. (cf. [22], [25]j Let rjf G M%(Q,T), rf s j = rf s \ i,j = !,-•• ,d be given 




and set 




Then M t > 0, q.s. for all t G [0, T]. In particular, t — > M t is increasing. 
Proof. Take a sequence r\ W E (M%°(0,T)) dxd , where 



N 



k=l 



such that 



lim max 

Af-s>oo l<i,j<d 




Then 




which yields that for any t G [0, T] 




Thus, it is sufficient to consider the case nfi G Mq°(0, T), rfj = rji 1 , i, j = 1, ■ • • 
i.e., 



d 



N 




k=l 
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In this case, we have 

A' 



k=l 

= V (sup {ri tk ^{t k -t k -i),(j) - (vt h ^,( B )t k ~ (^k-i) J 



N 



V(4 - tfc-l) SUP 0") - Tfo^. 



fc=i 



> 0. 



□ 



Proof. The proof of the lower bound of Theorem 13.11 

Step 1. Bounded case. Let rj be bounded. Then by the G-Girsanov-formula, 

fT 



E G( e *(B)) =E G,-,( e *(^)) = E G ^(B*) exp |_ jf %dBs _ H G 



(v) 



By Jensen's inequality, we have 



logE G (e* (B) ) >E G (^(B 11 ) - r] s dB s - H%(rj) \ = E G (<S>(B V ) - H°{rj)) . 

Step 2. General case. Choose a sequence n > 1} of uniformly bounded and 
Lipschitz continuous functions such that 

lim E G (|$ n - $| 2 ) = 0. 

For r) G (M^(0, T)) d given, we can find a sequence {r/ m \ m > 1} C (M§°(0, T)) d n 
£>b(f2 T ) such that 



lim E G 

m— >oo 



i^ m) -ift| a dfc] =0 



Then 



lim E G (\H G (r] (m) ) - H<f( v )\) = 0, 
and for each n > 1, by Lipschitz continuity of $ n , we also have 



lim E G 



$ n (5") - (V m) ) ) < Z(n, a) lim E G ( f 



V ( t m) -Vt\dt) =0 



where l(n, a) is a constant independent of m. Therefore, in order to prove 
E G ($ (S") - H$(ri)), it only remains to verify 



lim sup E 

n-K>o m>1 



G 



(m) 



0. 



(3.3) 
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Fix e > 0. Let M e (0, oo) be an uniform upper bound \<& n \, |3>|, n > 1. Then 

— p Mh( B ' <m, HK')l) 



<2M sup P e ( f B^' ) - $ ( B" v 

ee^cc V V 7 V 

Therefore, we only need to show that for any e > 0, 



> e = 0. 



lim sup sup Pg ( $„ ( B 1 

For any N G (1, oo), 

sup sup P e (* n (B* m) )-*(B* m) ) >e) 

= ^P ^ ( / {|*„( B ^))-$(W-))|>4^T r ' (m) (^T' ?(m) )" 1 ) 



- Y ^ r P ^ [ I {\^„(Bv^)-^Bv^)\>e} £ T rl 



(m) 



' P » ( / {|*„(B^))-*(^ m ))|> e } / {£;F ^<i / JV } ) 



+ sup E Pg ( 7 

By Chebyshev's inequality and the G-Girsanov- formula, for all m > 1, 



sup E P I 



(m) 



{ |*„ (W m) ) -* (V (m) ) \>e) "'J 
1 / / / 2 



<— sup Ep 9 



= ^E G (|$ n - $| 2 ) ->■ as n ->■ oo. 



$ n (V m) ) - <t> (V m) ) 



(m) 



(3.4) 



We also have that 



™ p i. 6 X^v / {K(^ (m O-K^ (m OI> e }V m) <i/^ 



<-^— sup sup E Pe (- logE?™) = — !— sup E G (#£(?7 (m) )) -)• as iV 
-logiV m >i ee / e V / logiV m >i v 



— » OO. 
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(13.4p is valid. Hence, 

E G (e* (B) ) > exp \ sup E G ($ (S^) - # G (r?)) \ . (3.5) 

[r)e(M2(0,T))<* J 

The proof of the upper bound Theorem 13.11 

First, let us consider $ = f(B h ,- ■ ■ ,B tn ), where / G Zip((R d ) n ) and < £i < 
■ ■ ■ < t n = T . Set 

H/ll := sup |/(y)|, sup l/Ml^/M . 

ye(K d ) n j/,ze(K d ) n ,j/^ I?/ z I 

We want to show that there exists a constant C(||/||, ||/||zi P ) G (0, oo) that is only 
dependent on ||/|| and ||/||ji P , such that 

E G (e* (B) ) < exp ( sup E G U - H${rf)) ] (3.6) 

Set (f>(xi,--- ,x n ) = e^ xi ''"' x "\ Then e~"^' < \\(f)\\ < e^, and there exists a 
constant Ci(||/||, ||/||zi P ) G (0, oo) that is only dependent on ||/|| and ||/||zi P , such 
that 

J/(v)-/(*)l _ 1 n n e W\\up _ i 
IHk < sup — . < ell/H sup < Cx(\\f\\, \\f\\ Hp ) 

y,z£(R d ) n ,y^z W ~ z \ A>0 -A 



For t„„! < t < t n , set 

v n (t, xi, ■ ■ ■ , x n _i, a;) =E G (0(xi, ■ • • , x„_i, x + £ tn - B t )) 

=E G (0(xi, • • • , x n _i, x + V*n -tBi)) , 

and for any £ = n — 1, • • • , 1, t G [£z-i, iz], define 

^(t,xi, • ■ ■ ,xz-i,2) =E G (t>z+i(xi, ■ • • ,Xz_i,x + B h -B u x + B tl - B t )) 

=E G (yi + x{xx, ■■■ , Xi-i, x + y/U - tBi, x + y/U - tBx)) . 

Then by the definition of G-Brownian motion, V\ : X lR d — > M, Z = 1, • • ■ , n 

are the solutions of equations: 

d 

— vi(t, Xx,..., xi-i,x) + G(D 2 x vi(t, xx,..., xi-!,x)) = 0, t G [tj_i, */), 
vi(t h xx,..., x) = fz+i(tz, xi, . . . , ar/_i, x, x), ( 3 - 7 ) 

Vn(T, Xx, • • - , X n _i, x) 0(xi, • • • , X n _i, x). 

Since is bounded, by the regularity result of Krylov (Theorem 6.4.3 in [T7]), and 
Section 4 in Appendix C of [22], there exists a constant a G (0, 1) only depending 
on G, a, d and ||0|| such that for each I — 1, • • ■ , n, and for any k G (0, t i+ i — t{), 

SUp |h(",Xi, . . . •)llc 1 W2,2+ a( [t iA+1 _ K]xM d ) < OO, 

(xi,-,x,)6(R d )' 
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where for given real function u defined on Q = [Ti,T2] x M. d , and given constants 
a,j8e(0,l), 

I, H \u(s,x) - u(t,y)\ 

\\'U'\\c c *'P(Q) — SUp i , . j-g, 

x,y£R d , x^y V ~ S \ + \ X ~ V\ 
s,te[Ti,T 2 ],s^ 

d 

||w|| C l+a,2+,3(Q) = |M| C a,/5(Q) + ||3tW|lc«,/J(Q) + \\ 9 xM\c<*>f> (Q) 

4=1 

d 

+ ^ \\dx i xi u \\c°'>l 3 (Q) ■ 

i,i=l 

By the subadditivity of E G , for all 1 < I < n, (t, Xi, • ■ ■ , a^_i) G t,] x (E d )' _1 , 

SU P i i S ^l{\\j\\,\\j\\lip)i 



x,y£R d ,x^y 



\x - y\ 



and for all 1 < I < n, (xi, • • ■ , xi-i,x) G 



pd\l 



1 1/2 



\vi(t,X lr -- ,Xi-!,x) -Vl(s,Xi,--- ,Xi- 1} x)\ <<7Ci(||/||,||/|| Mjp )|t-s| 

Therefore, x — > V x vi(t, xi, ■ ■ ■ , x/,_i,x), (t,Xi,--- , x/_x) G x (]R d ) i_1 are 

uniformly bounded. 

Set VJ(t, xi, ■ ■ • ,x;_i,x) = log^(t, xi, ■ ■ • ,x;_i,x). Then for (t,x) G [t t _i, £;) x IR d , 

f = _ G , v.V, = ^, 

\ v l J v l 

and 

Therefore, 8^x4 V^(t, x u ■ ■ ■ ,xi^,x), {t,x u --- G [*,_!,*,) x (R d ) 1 - 1 

are uniformly bounded, i.e., there exists a constant C^GI/H, G (0, oo) that is 

only dependent on ||/|| and ||/||%, such that for all 1 < I < n, (t,Xi, ■ ■ ■ ,x;_i,x) G 
[*,_!,*,) x (R d ) z , 

|V^(t,x 1? -- - ,x z _ 1; x)| <C 2 (||/||, ||/|| Kp ) 

and for any « G (0, - tj-i), IR d 9 x -)> V x V t (t, Xi, • • ■ , x z _i, x), (t, Xi, • ■ ■ , x ; _i) G 
— k) x (]R d ) i_1 are uniformly Lipschitz continuous. Define 

Ui(t,X U ■ • ■ ,X;_i,x) = V x Vi{t,X U ■ ■ • ,Xi_i,x)J [4i _ lA )(t). 

By the Picad iterative approach (cf. [E]), for any k G (0,£i), the stochastic 
differential equation 

dX^ =U 1 (t,xi 1) )d(B) t + dB t , t G [0,ti - «], 

X« =0, 
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has a unique continuous solution {X^,t G [0, t\ — k]. From the arbitrariness of k, 
and noting that for any p > 1, 

E G (|X t (1) - X s (1) | p ) < 2 P (Hf/if^lt - s\ p + a p/2 \t - s\ p/2 ) 

there exists a unique continuous process {X t , t G [0, £i) such that 
' dX t (1) =[/ 1 (t,X t (1) )rf( J B)i + dfl t , t G [0,t x ], 

^o (1) =C 

Recursively, for any 1 < I < n, there exists a unique continuous process {X t , t G 
ti\}, such that 

dX« =E/i(t,x£ ) , ■ ■ ■ ) Xi l i :l\x?)d{B) t + dBt, t G [*,_!,*,], 
x (0 =x (i-D (3 - 8) 

77, = Ut(t, Xg\ • • • , Xf-_1\X?) , t G *,), / = 1, • • • , n; r) T = 



Define 



and for any I — 1, • • • , n, and i G [tj-i, tj), 

l -(t,x£\...,xl l -'\xP)d(B) s 



2 v, 



Then, by Proposition 1.4 in [22], E G (— Kf') = for any t G fo-i, tj), and by Lemma 
13.11 for any t G Kf\u) > and t — >■ xf' 1 is increasing for q.s. w. Set 

X^lim^xf. 

By Ito formula for G-Brownian motion (cf. [H]), for any t G [ti-i,ti), 

Vl (t, x« x£?,x®) - v^, x« xtP,x£) 
= f ^(t, ■ • ■ , x£;?,x®)d8 + J* v,v,(t, x« • ■ ■ , xWx<P)dxp 



+ \ f DlV^xi^..^xll\x?)d{B) t 



= - K? + Hf{ij) - Hf h i (if) + / v s dB s . 

Jtt-i 

Since R d 3 x — > Vftt, X\, ■ ■ ■ , X/_i, x), (£, x±, ■ ■ ■ , X/_i) G tj) x (IR^)^ 1 are uni- 
formly Lipschitz continuous, and £/] 9 t — > VJ(t, Xi, • • • , X/_i, x), (xi, • • • , X;_i, x) G 
(R d ) ? are 1/2-uniformly Holder continuous, we have that 

\M G (\ Vl (t, X«, ■ ■ ■ , XH\X?) - Vl (t, X« • • • , X^, X® )|) = 0. 
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Hence, K h e L^(n T ), and lim^ E G (\Kf ] - K^\ \ = 0, E G (-K%A = 0, and 

=y / _ 1 (t,4 1) , • ■ ■ - Hi W - K® + f fj s dB s , 

which yields that 

=^(0,0)- V 4° + / fj s dB s . 
i=i Jo 

Therefore, 

<S>(B«)-H°(fj)- / T ^ s = ^i(0,0)-^^ } 
■ / ° j=i 

and 

E G ($(B«)-H°(fj)) =K(0,0). 
Since XwLi-^l — 0? we obtain that 



E G (e* (B) ) = E G (^exp j$ - £ VsdB s - H[ 



G(~ 
T 



(v) 



< exp {E G ($ - #£(77)) } . 
Now, for m, N > 2/ mini<j< n (t; — tj_i), define 



n N 



r,(m,N) 
Is 



/ J Tk l _ x +{k-l){ti-ti- 1 -X/m)/Nl u , (fc-i)(t t -t t _i-i/m) 4 , Kt|-t|-i-W ^(s). 

Then 77^ G M§ o (0,T), |^| < C 2 (||/|, \\f\\ Hp ), and 

lim lim sup E G f / - r^ 2 ] = 0. 

Therefore, 

E G ($ {B rl ) - Hf?(fj)) < sup E G ( $ (5") - iZ^fa) J , 

(3.9) 

and so (13. 6ft holds. 

For general bounded function $ e Ljk(f2y), choose a sequence {$ n ,n > 1} C 
L^Qt) of uniformly bounded and Lipschitz continuous functions such that 

lim E G (|$ n - $| 2 ) = 0. 
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Then 



lim E G (|e*" - e*|) = 0. 

n— >oo 

By the above proof, there exists a sequence of positive constants C n such that 



log E (exp{$J) < sup E ( $ n (S") - H%(rj) 

i J 6(Af^°(0,T))'»,|ij|<O„ 

Set © = U n >!{77 G (M^'°(0,T)) d ; |tj| < GJ. Then 



log E (exp{$4) < su P E G ( $ n (£") - H%(rj) ). 



supE G ($ n (5") - #^(77)) - supE G ($ (5") - #£(77)) 



Since 



<supE G (|$ n 

and the same proof as (13.31) yields that 

lim supE G (|$„, - $ = 0, 

we obtain 

E G (e ) < exp ( sup £ G ($ - H$( v )) \ (3.10) 
which with together (13.51) yields the conclusion of Theorem 13.11 

□ 

4. An abstract large deviation principle for functionals of 

G-Brownian motion 

In this section, we apply the variation representation to study the large deviations 
for functionals of G-Brownian motion. The inverse of the Varadhan Lemma under 
a G-expectation is presented. An abstract large deviation principle for functionals 
of G-Brownian motion is obtained. 

Let (y, p) be a Polish space and let \E fe : Qt x A — > y be a map. Set 

Z e := ^(V~eB, (£». 

Define 

H = {/(•) = J f(s)ds; f G L 2 ([0,T],M d )} , \\f\\ H = \\f'\\ L ,; (4.1) 

^ = = g'(s)ds; g G L 2 ([0, T],R dxd ) j , \\g\\ G = £ \\g'(t)\\ HS dt; (4.2) 

and 

A = |g G G; g'(s) G £ for any s G [0,T] j. (4.3) 
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Then (A, || • \\g) is a closed convex subset of G. We also denote 

m 

U s = {/ G H; /'(*) = ej m] (t) + Oihu-uufi), 0<t l <---<t n = T,6 l eR d } 

1=2 

and 

||#|| := sup \\g(t)\\ HS , geA; \\f\\ := sup |/(t)|, /el, 
ie[o,T] te[o,T] 



where ||^4||hs' : = \/Si 7 a ij i s the Hilbert-Schmidt norm of a matrix A = (ay). 



Define 

pHG{{h,gi),{fo-92)) = ll/i-/2|| + lki-^2||, {h,gi),{h-g2) e H x A. 

We introduce the following Assumption (A): 

(AO). For any $ G C&(y), $(Z e ) is quasi-continuous; 

There exists a map ^ : EI x A — > y such that the following conditions (Al), (A2) 
and (A3) hold: 

(Al). For each N > 1, if f n ,n > 1, / G H, g n G A and j e A satisfy that 
||/n||tf < N, \\f\\ H < N, \\f n -f\\ H ^Q and \\g n - g\\ G 0, then 

V(fn,g n ) ->*(/,»); 

(A2). For $ G C b (y), for each r > 0, 



lim sup E G 

^S(A/2 (0,T))dnB b (n T ) 
J T |»7s| 2 d S <r 



$ o ^ + jf Vs d(B) s , (B) 

-$o*n Vs d(B) s ,(B) 



(A3). There exists a sequence of continuous maps #W : (M x A, p HG ) -> (y,p) 
such that for each / G (0, 00), 

lim sup p(M/(/,^),vl/( 7V )(/^)) = 0. 

N ^°° \\f\\ H <i,geA 

Remark 4.1. Assumption (A) is slightly different from the classical case(cf. ^Q). 
We have an additional condition (AO). In the classical case, the condition (AO) is 
always true. 

Let I : y — >■ [0, 00] be defined by 



I(y) = inf - / (f'( S ),g'( S )f'(s))d S] y = * / <f{ 8 )f{s)d8,g . (4.4) 
(/, 9 )eHxA [ 2 y V,/ y j 

Since = f Q g'(s)f'(s)ds,t G [0, T] yields that /'( s ) — g'{ s )~ ll p'{ s )) it is easy 
to get the following representation of /(?/): 

J(y) = inf {J(f,g), y = *(/,</)}, |/^, (4.5) 

(/, 9 )eHxA 
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where 

~ /V(«). (g'is^f'is^ds, (f, 9 )GixA, 

■Hf. '.!)={ 2Jo (4-6) 

foo, otherwise. 
Lemma 4.1. (1). Let T : (A, || • ||) — > M be a bounded continuous function. Then 

E G (T(( J B)))=supT(^). (4.7) 

(2). Let $ G C b (y), and let ^ :Ux A ^ y satisfy (Al) and (A3). Then for 
each function / e H, 



E G ($o$ (j f'(s)d(B) s , (B)\ - H°{f)j 



= sup (*°*(J g'(s)f(s)ds,g^ - ±J (f'(s), g'(s)f'(s))ds^ . 

Proof. (1). Firstly, let us show (14. 7p for 

Y(9) =^(j9ti,9ta -9ti.,"' ,9t m -9t m -i) 

where ip is bounded continuous in (R dxd ) m , and < t\ < t 2 < • • ■ < t m < T. Since 
(B) t — (B) s is independent of fl s for any s < t, by Chapter III, Theorem 5.3 in [22], 
we have that 

E G (<K(5> tl , (B) t2 - • ■ • , (B) tm - (5) tro _J) 

= SUp ^(0]tl, 2 (*2 - ■ ■ • ,^m(*m ~ *m-l))- 

For any i; 2 , • • • , 9 m G E, set #'(t) = 0i/[ O , fl ] + ]l™ 2 faffa-iM- Tnen ^(0A, 02^2 - 
• • • , m (t m - t m _i)) = if>(g(ti),g{t 2 ) - g(h), ■■■ , g(t m ) - g(t m ^i)). Therefore, 

SUp V(01*l) 02 (*2 - h), ■ ■ • , d m (t m - t m _l)) 

<sup^(^(ti),^(t 2 ) -#(ti),--- ,</(0 -^(t m -i)). 



On the other hand, for any g G A, set 0! = g(ti)/ti, and 0j = (g(ij) — / '(t* — 
for z = 2, ■ •• ,m. Then 0j G S and g(£j) — g(ti-i) = 0j(tj — for any 
z = 1, • • • , m, where to = 0. Therefore, 

SUp ^{Olh, 9 2 {t 2 - • • • , 0mOm - ^m-l)) 

01,02,-, 0m SE 

>SUp'0(^(tl) ) ^(t2) ,#(*m) -p(tm_i)). 

<?6A 

Therefore, (14. 7p holds in this case. 
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Next, we assume that T is Lipschitz continuous with respect to the uniform 
topology, i.e., there exists a constant I > such that 

\T(g)-T(f)\<l sup \\g(t)-f(t)\\ HS for all g,feA. 

te[o,T] 



For each N > 1, set tf — 1 < i < N. For any (xi,x 2 , • • • , x^) G H N , set 

N 

x {N) (t) := X!(t Ah) + ^2xi(t AU -t Ati-x), te [0,T], 

8=2 

and ip(xi,X2, ■ ■ ■ ,xn) = T (x^). We can extend continuously ip(xi,X2, ■ ■ ■ ,xn) to 
(R dxd ) Jv . Define 

^(m, x 2 , ...,x N ):=ij ■ • • , ) , (a*, x 2 , • ■ ■ , a*) G (M rfx T. 



For g E A, set 



and define 

T w (?) := T(s (Jvr) ) = V W&gfo) - *(f 0, ■ • • , g(t N ) - g(t N -i)) ■ 

Then 
and 

|T(<7) - TW( S )| < 2/ max sup \\g(t) - g^Us < 2laT/N. 

l<i<N te[t ._ ltti] 

Therefore, 

E G (T ((B))) = lim E G (T« ((5))) = lim sup (#) = sup T (<?) . 

Now, by the proof of Lemma 3.1, Chapter VI in [22], for general bounded con- 
tinuous T, we can choose a sequence of Lipschitz functions T N such that Tjy | T. 
Therefore 

E G (T((B))) = sup sn P E Pe (T N ((B})) 

= sup E G (Tat ((B))) = sup sup (g) = sup T (g) . 

N>1 N>1 



(2). Choose a sequence of simple functions f' N = 0^1^ t N^ + Yli^2 ^f^(t N 1 ,t N ] sucn 
that sup 7V>1 ||/jv||h < oo and /„ T \f'(s) — f' N (s)\ 2 ds — > as N — > oo. Then 



sup 



(/'(•s).//(-s)A.s)V/.s- r(f N (s),g'(s)f N (s))ds 



->o, 
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and 



sup sup 

geA te[0,T] 
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g'(s)f'(s)ds- / g'(s)f' N (s)ds 



0. 



Let ^ (7V) : (H x A, Phg) -»■ p) such that for any / G (0, oo), 

lim sup p(*(<p,g),¥ N) (<P,9)) = 0- 



N~>oc 



\\<p\\ H <l,geA 



Define 



$W( g ) = d> o * N (J g'( S )f N (s)ds,g\ - ~ j\f' N (s),g'(s)f' N (s))ds 



Then 



lim sup 

N^oo 



& N \g))-l$oV( / j( 8 )f(8)d8,g 



(f(s),g f (s)f(s))ds 



and by (1), 

E G ($W(( J B)))=sup$^(( ? ), 

Therefore, (14. 8p holds. 

Lemma 4.2. Lei (C4,2j ZioZd. Then for any $ G C b (y) and each N > 1, 



□ 



lim 



sup 



v e(M^ (o,T))dnB b (n T ) 

fTEG { \ Vs \2) ds <N 



$ o W ^5. + / Vsd(B) s , (B) 



0; 



Proo/. For V G (M^(0,T)) d n6 ft (fi T ), we can write Vs = ELi^-Jfe-iAoOO- For 
r G (0, oo) fixed, for any 5 > 0, let 0(x) G /ip(M) satisfy < < 1, = 1 for all 
Ixl < r and <t>(x) = for all \x\ > r + 5. Define 



Then 



Set 



Then 



2 ds 



Vt =Vt<fr[ / \Vs\ ds . 



< r + 5, < \Vs\ 2 ds < r > C {f) s = r) s for any s G [0, T]} 



n N 



fc=i j=i 



E' 



G 



~Vs\ ds < 



n N 

'*e°(EEi^i 

fc=i i=i 



iV2 



— >■ as iV — >■ oo. 
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Therefore, for any t G [0,T], 

->■ as N ->■ cx). 



E G (jf ^<B) S - jf ^<B>, 
In particular, on | f Q T |r] s | 2 c?s < r j, 



rj s d(B) s = / rj s d{B) s , q.s., 



and 



s. 



Therefore, for any $ G C 6 (^) and each N > 1, for all 77 G (M^'°(0,T)) d n B b (fir) 
with J r E G (|^| 2 )rfs < N, 



$ o M>* (^B. + jf r) s d(B) s , (B>) -$o^| r) s d(B) s , (B>) ) 
$o* £ LfeB. + j fj,d(B) a , (i 



E G 

< " " + E 



- $ o * / ^(B) s , (B) 



o 

< " " + sup E c 

r J? e(M2,(0,T))dnB !) (n T ) 



(B^ 



! {/ T |u.| a «to<r} 



$ o ^ (yfeB. + / r^(B)„ (B) 



$ o W / 77 s d(B) s , (B> 



First, letting e — > 0, then r — > oo, by (A2), we obtain the conclusion of the lemma. 

□ 

Theorem 4.1. Suppose that the assumption (A) holds. Then 

(1) . For any L G [0, oo), Cl '■= {y,I(y) < L)} is compact in y>; 

(2) . For any $ G C h (y), 



lim 

e->0 



e log E exp 



- sup {$(y) -I(y)} 

y&y 



(4.9) 



Proof. (1). First, we prove that Cl = n n >ir i+1 / n , where 

r L+ i/n = {*(/,<?): •/(/, <?) < L + i (/, ^) G H x a} . 

In fact, for y G Cl given, for each n > 1, choose / n G H, # n G A such that 
V = V(f n ,9n) and J(f n ,g n ) < L + ±. Since n > 1 is arbitrary, we have C L C 
n„>ir i+1/n . Conversely, suppose y G n„>iF L+1/ „. Then, for some f n G H, g n G A 
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with y = * (f n ,9n), we have that J{f n ,g n ) < L + l/n. Therefore, I(y) < L + ±. 
Letting n — > oo, we obtain J(y) < L. Thus y G Cl, and in turn, n ra >ir i+1 /„ C Cl 
follows. 

(2). From Theorem 13.11 we have 
elogE G (exp { 



sup E G ($ o # e (v/eB", (5)) - H^{^r])) 

»?e(M^ (o,T))dnB 6 (Q T ) 

sup E G U o ^ ( ViS. + / 77 s d(B) s , - #£(77)) 

sup E G ( $ o ^ ( v^B. + f Vs d(B) s , (B) \ - H$(rj)) 

0,T)) d nBt(O T ) V V JO J J 



rjG(M^°(0,T)) d nB b (n T ) 



v£(M^°(o,T))dnB b (n T ) 



where ||$|| = sup yg ^ |$(y)|, and the last equality is due to that if J Q T E, G (\r] s \ 2 )ds > 
Mthen 

a ' 

E G ($ o ^ (ytB. + ^ 7] s d(B) s , (B)\ - H G ( V )^ < -||$||. 
Therefore, by (A2) and Lemma [4.21 as e — > 0, 
elogE G I exp 



lim 

£->0 



sup E G U o * ( ! Vs d(B) s , (B) \ - H G ( V )\ 

o,T)) d ns h (n T ) V \J0 J J 



/ T EG(|, s |2 )ds <ip 

Since for each 77 e (Mj°(0, T)) d n B b (£l T ), 



0. ^ 4 - 10 ) 



$ o * Qf r] s d(B) s , (B)j - H<?( V ) 
< sup Uo*([ g'(s)f(s)ds, g]-\ [ T (f'(s),g'(s)f'(s))ds) 

(/,s)£HxA V \J0 / 1 Jo J 

sup sup U{y)- \ [ T (f'(s),g'(s)f'(s))ds] 



3/6^ (/, 9 )eHxA,y=vl>(/ g'( s )f'(s)ds,g) 

:sup{$(y) -I(y)}, q.s., 



we obtain the upper bound: 



lim sup e logE G (exp < — - — -1 J < sup {$(?/) — /(?/)}. 
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From Theorem 13.11 we also have that 



r logE G ( exp \ i$(Z £ 



> sup E° U o ^ (yfeB. + / f' s d(B) s , (B)) - H<f(f)) 

/6H s ;||/|| H <±m V V JO J / 



Thus, by (A2), (A3) and Lemma EE 

, n ^ r ( ( <&(Z' 
hm ml e log E exp ' 

£->0 V 



> sup E G ( $ o * ( / /^( S ) s) (S)") _ 

/6H s ,||/|| H <i& \ VO J J 

sup sup f $ o * ( [ g'(s)f'(s)ds, g)-± I (f'(s), g'(s)f'(s))ds 
feB s ,\\f\\ H <^ 9 eA \ \Jo J 1 Jo 

sup sup ( $ o vl/ ( f g'(s)f(s)ds,g) - \ [ T (f'(s),g'(s)f'(s))ds] . 

„<« 9SA V \Jo J 1 JO / 



Then, letting N — > oo, we obtain the lower bound: 

liminf elogE G ^exp - j ) > sup {$($/) -J(i/)} 

Therefore, (I4.9p is valid. 



□ 



Theorem 4.2. Suppose that the assumption (A) holds. Then {Z e ,e > 0} satisfies 
the large deviation principle in y with the rate function I{y), i.e., for any closed 
subset Fey, 



limsupelogc G (Z e & F) < — inf I(y), (4.11) 

6^0 v^ F 



and for any open subset O C y , 



liminf e log c G {Z e G O) > - inf I(y). (4.12) 

Proof. This is a consequence of Theorem 14.11 Its proof is the same as probability 
measure case. For given open set O, for any y G O, choose continuous map $ : 
3^ — > [0, 1] such that = 1 and for any z G O c , $(2) = 0. For any m > 1, set 

$ m (z) := m($(z) — 1), z G y. Then 

E G fexp |l$ m (^)}) < e~T C G (Z e G O c ) + c G (Z e G O). 
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Therefore, 

max jliminf elogc G (Z e G O), — m j 

>limmfelogE G ^exp |i$ m (Z e )|^ =sup{$(^) - I(z)} > -I(y). 

Letting m — > +00, we obtain the lower bound. 

Next, let us show the upper bound. For closed set F given, for any y F, choose 
continuous map <& y : E — >■ [0, 1] such that $ y (y) = 1 and for any z G F, $ y (z) = 0. 
For any finite set A C F c , set $a( z ) = max^^ $ y (z). Then 

Or ( rye r- zp\ ^ , l„„Tir(j / „ J ^ V 



limsupelogc (Z e G F) < inf lime log E exp 

= — sup inf {m$A(^) + ^(-2)} • 

ACF C 
finite 

Without loss of generality, we assume that I := sup acf^ inf z£ y Ja(z) < 00, where 

finite 

Ja{z) = m$>A{z) + I(z). Then {z; Ja{z) < 1} is nonempty compact set for any finite 
A. Therefore, Hacf c finite{z; Ja(z) < 1} is nonempty, and so 

I > inf sup Ja(z) = min < m + inf I(z), inf J(z) > "l^Sf j n f 7(2;) 

/inite 

which yields (14.111) . 

□ 



5. Large deviations for stochastic flows driven by G-Brownian 

MOTION 

The homeomorphic property with respect to initial values of the solution for 
stochastic differential equations driven by G-Brownian motion was obtained in 
[H] and the large deviations for solutions {X e (x,t),t G [0,7],} C C([0,T\,W) 
of small perturbation stochastic differential equations starting from x (fixed) by 
G-Brownian motion were studied in [15J by exponential estimates and discretiza- 
tion/approximation techniques. In this section, we consider large deviations for the 
flows {X e {x, t), (x, t) G W x [0, T]} C C(W x [0, 7], W). The quasi continuity of the 
flows is proved. A Kolmogorov criterion on weak convergence under G-expectations 
is given. A large deviation principle for the flows is established under the Lipschitz 
condition. In the classical framework, Large deviations for stochastic flows have 
been studied extensively (see [I], [2], [6], [13], [18], [23] and references therein). For 
general theory of large deviations and random perturbations, we refer to [S], [IT] , 
and [12]. 

For positive number p > 1 given, for each N > 1, if) G C(R P x [0,T],M p ), set 

II^Hjv = sup \ip(x,t)\, 

xe[-N,N]P,t&[0,T] 
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and define 

P&iM = J2wN min iW^ ~ U\n,1}, ^2 e C(R p x [0,T],W). 

N=l 

Then (C(R P x [0, T], W), p) is a separable metric space. 

Consider the following small perturbation stochastic differential equation driven 
by a d- dimensional G-Brownian motion B: 

X € {x,t) = x + [ b e {X e {x,s))ds + I a e {X e {x,s))dB s + [ h e {X e {x, s))d (B) 3 , 
Jo Jo Jo 

(5.1) 

where 
and 



h e = {h?> k ) x < k < p = mf)i<i,j<d)i<k< P ■ K p -> (^ dxd ) p , e > 
satisfy the following conditions: 

(HI). b e , <t £ and h e , e > are uniformly Lipschitz continuous, i.e., there exists a 
constant L > such that for any x, y G W p , 



max - ¥(y)l \\a*(x) - a e (y)\\ H s, max \\h^(x) - h^(y)\\ HS } < L\x - y\. 

(i?2). b e , a e and /i e converge uniformly to b := b°, o := cr° and h :— h° respectively, 
i.e., 

lim sup max < \b e (x) — b(x)\, \\a e (x) — <j(x)\\hs, max ||/i e ' fc (a;) — h k (x)\\Hs f = 0. 



Then by Theorem 4.1 in [M] and the Kolmogorov criterion under G-expectation 
(cf. Theorem 1.36, Chapter VI in [22J ) ) , the SDE ( 15. ip has a unique solution 
X e = {X e (x,t),x eW,te [0,7]} C C(W x [0,T],M p ) and X e (x,t) G L 2 G (Q T ) 
for all (x,t) G M p x [0, T]. Furthermore, there exists a map \I/ e : x A — > 
C(W x [0,T],RP) such that 

^(^B,(B))=X\ (5.2) 

For any (f,g) G H x A, let V(f,g)(x,t) G G(M P x [0,T],M p ) be a unique solution 
of the following ordinary differential equation: 



vEr(/,£)(x,t)=x+ / bmf,g)(x,s))ds+ / 

Jo t Jo (5.3) 

+ / h(*(f,g)(x,s))dg(s). 
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Theorem 5.1. Let (HI) and (H2) hold. Let X e = {X € (x,t),x eW,te [0,T]} be 
a unique solution of the SDE Ii5.1\) . Then 
(1). For any $ G C b (C(W x [0,T], 



lim 



elogE G ( exp { ^ X ' \ ) - sup {$(» - I(ip)} 

i>eC{RPx[0,T],RP) 



0, (5.4) 



where 



7(V0= mf {•/(/,<?), ^ = *(/,<?)}, ^C(rx[0,T],M^). (5.5) 

(/, S )eHxA 



(jgj. For any c/oserf swfeei F m (C (M p x [0, T], W) , p), 



lim sup e log c G (X e & F) < — inf IN) (5.6) 

e^O i>£F 



and for any open subset O in (C (M. p x [0, T], M. p ) , p), 

lim inf elogc G (X e G O) > - inf IN;), (5.7) 

Proof. By Theorem 14.21 we only need to verify the conditions (AO), (Al), (A2) and 
(A3) for y = C(W x [0,T],RP), Z e = X e and * defined by These will be 

given in Lemma I5.1[ Lemma 15.21 and Lemma 15.31 □ 

Remark 5.1. In particular, Theorem 15.11 yields that {{s/eB t ,t G [0,T]},e > 0} 
satisfies a large deviation principle, which was first obtained in [15] by the subadditive 
method. 

Lemma 5.1. Assume that (HI) and (H2) hold. Let X = {X(x,t),x G M. p ,t G 
[0, T]} be a unique solution of the SDE: 



X(x,t) = x+ / b(X(x,s))ds + / a(X(x,s))dB s + / h(X(x, s))d (B) s . (5.8) 
Jo Jo Jo 

Then for any $ G C b (C(W x [0,T],IR p )), <&(X) is quasi- continuous. 

Proof. First, we assume that $ G C b (C(M. p x [0,T],IR p )) is Lipschitz continuous, i.e., 
there exists a constant I > such that 

|$(V>) -$(y>) | <W,¥>) for all ip,<p <E C(W x [0,T],IR p ). 

For any JV > 1, for each V G C(M P x [0,T],R p ), set ip( N \x,t) = ip((-N)W x AN,t), 
where (-N) \/ x A N = ((-N) Vx l AN,--- , (-N) V x p AN). For given N >1, for 
each V = (^i, ■■■ ,ip P ) e C(W x [0, T],R P ), for any (ar ls ■ ■ ■ , a; p , G [0, set 

4>j(x u ■ ■ ■ ,x p ,x p+ i) = if;f> (N(2x 1 - 1), • • • , N(2x p - l),Tx p+1 ) . 

For any m > 1, the Bernstein polynomial of ipj is defined by 

B m (ip j )(x l ,--- ,x p ,x p+1 ) = V ^ (—,••• ,— ,— J TT ) x%(l-x k ) 

l<h,- ,i P +i<m v 7 fc=l v 7 



ra—i^ 
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Then, by Bernstein's theorem (cf. Theorem 3.1 and its proof in [16J), we have that 

* * ' > x yi x p+l) ~ B m (lpj)(xi, • • • , X p , Xp+i) 



< sup 

l%t\\xk-yk?<Vm 

p + 1 



4>j(xi, ■ ■ ■ ,x p ,x p+1 ) - ipj(y!, ■ ■ ■ ,y P ,y P +i) 



+ 



2m 



sup 

(x u - ,x p ,x p+1 )e[o,i]p+ 1 



, ■ • • , X p , Xp+l) 



Since X(x,t) G L 2 G {Vt T ) for all (x,t) G W x [0,T], we have that 



m' ' m' m 



G L 2 G (Q T ),j = !,•■■ 1 < i x , • •• < m; 



and 



B m (Xj)(x u ■ ■ ■ ,x p ,x p+1 ) G L 2 G (tt T ) for all (x lt ■ ■ ■ ,x p ,x p+1 ) G [0, l) p+1 . 
For x G G [0,T], Set 



B m (Jf p ) [ (-1) V A 1, | 



/ r 4- AT £ 

((-1) V ^ A 1, 1 , . 

Noting that $ (l N ' ra ) is a continuous function of X, • • • , ^ J , j = 1, • • • , p, 

1 < h, ■ ■ ■ , ip+i < m, we obtain $ (X N ' m ) G L 2 G (Q T ). 
By Theorem 4.1 in [H], for any q > 2, 

E G (|X(x, t) - X(y, < C q>T {\x -y\ q + \s- t\^ 2 ). (5.9) 

This yields by the Kolmogorov criterion under G-expectation (cf. Theorem 1.36, 
Chapter VI in [22])) that for each 1 < j < p, 



lim E° 

m— >oo 



sup 

Eltl \xk-yk\ 2 <l/™ 



Xj(x-i_, ■ ■ ■ ,x p ,x p+1 ) - Xjfa, ■ ■ ■ ,y p ,y p+1 ) 



0. 



and 



Therefore, 



E | sup 

(xi,- ,x p ,x p+1 )e[o,i]p+ 1 



X j {x\ , • • • , Xp, Xp+i / 



< oo. 



and by 



lim E 

m— >oo 



sup 

xe[-N,N]P,t&[0,T] 



\X(x,t)-X"> m (x,t) 



|$(X) - ®(X N > m ) \ < I 



sup 

xe[-N,N]p,te[o,T\ 



\X(x,t)-X"> m (x,t)\ + 



I 



2 N-V 
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we obtain 
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lim lim 1° (\${X) - ${X N > m )\ 2 ) = 0, 

AT^oo m->oo V / 



which implies that 3>(X) G Lq(Q t ), and so &(X) is quasi-continuous. 

For general $ G C 6 (C(M P x [0,T],R p )), set M = snp^ c{RPx[0 ^ RP) \^)\. For 
any N > 1, set 

$ (JV) (^)= inf {®(tp) + NU - p\\ N }, ^eC(R p x \0,T],R p ). 

^eC(KPx[0,T],KP) 



Then (cf. Lemma 3.1, Chapter VI in [22]), |$ (A °| < M, 

< JV||V - v?lk f^eC(R p x [0,T],M p ), 

and for any ijj G C(M P x [0,T],M p ), & N \ip) | $0) as iV — > oo. Therefore, 
is quasi-continuous for all N > 1. For any 5 > 0, choose a compact subset C fi T 
such that c G (K c ) < 5 and for all iV > 1, is continuous on K. By Dini's 

Theorem, & N \X) converges uniformly to $(X) on K, and so $(Jf) is continuous 
on Thus, is quasi-continuous. 

□ 

Lemma 5.2. Assume that (HI) and (H2) hold. 

(1) . For each N > 1, if f n , n > 1, / G H, <j> n G A and j G A satisfy that 
WUWh < N, \\f\\ H < N, \\f n - f\\ H -+ and ||<7„ - p|| G 0, to 

*(fn,g n ) -+*(f,g). 

(2) . For $ G C 6 (C"(M p x [0,T],M p )) ; for each N > I, 



G 



lim sup E' 

V e(M^{0,T))dnB b (n T ) 
fo \vs\ 2 ds<N 



Proof. (1). For any m > 1, set 



$ o W ^5. + / r7 s d(5) a , (B) 



(5.10) 



- $ o Ur / rj s d(B) s , (B) 



M m = sup (|| t r(*(/,(/)(x >S ))||Hs+ max ||/i fc (tt(/, <?)(x, s))|| H s||). 

|x|<m,te[0,T] l<fe<P 

Then, there exists a constant M G (0, oo) such that, on <m,t G [0, T]}, 
|^(/,(?)(x,t)-^(/ n ,^ n )(x,t)| 

<M f |v&(/,^)(x, s) - *(f n ,g)(x, s)\(l + \f n {s)\ + \\g' n (s)\\ HS )ds 



+ M m / (\f^s)-f'(s)\ + \\g' n (s)-g'(s)\\ HS )ds. 
Jo 



A VARIATIONAL REPRESENTATION AND LDP FOR G-BROWNIAN FUNCTIONALS 27 
By Gronwall's inequality, 



sup \*{f,g)(x,t) -V{f n ,g){x,t)\ 

\x\<m,te[0,T] 

<M m l\\as) - f{s)\ + \\g' n {s) - ^( S )||^)rf S e M /o T (i+l/4WI + IKWIlH S )^ 
Jo 

<M m ( s/T\\f n -f\\ H + \\g n - g\\ G ) ^WHT^T) ^ as n ^ oc. 



(2). For any rj G (M^(0,T)) d with J Q \7] s \ 2 ds < r, set = ^ e (^B. + 

f Q r] s d(B) s ,(B)). Then 

X"' e (x,t) =x+ / b e (X r >< e (x,s))ds + / a e (X"' e (a;,s))dB a 

J t ° io t (5.11) 

+ / a e (X^(x,s)) Vs d(B} s + [ h e (X«> e (x,s))d(B) s . 



o 







and there exists a constant M = M (a) such that 



( r e (X^(x, S ))r/ s rf( J B), 



•i \ 1/2 

< ! / |a e (X"' e (a;,s))| 2 rfsJ Mr 1 / 2 . 



By the BDG inequality under G-expectation and Gronwall's equality, we can get 
that (cf. [Hj) for q > 2, for any m > 1, there exists a constant /3 = (3(m,q,r,a) 
such that 

sup sup sup E G ( sup IX^x, t)M </3 

/ T |77 s |2d S <re6[0,l] \x\<m \te[0,T] J 

and for any x, y G R 9 , for any s, t G [0, T], 

sup sup E G (\X^ e {x,t) -X^(y,s)\ q ) < (3{\x-y\ q + \s-t\ q / 2 ). (5.12) 

/ T ]r? s |2d s <r^[0,l] 



Set 



6>(e) = sup max < \¥(x) - 6(x)|, || cr e (a;) - a(x)\\ HS , max ||/i e ' fc (x) - 
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and Z^(x,t) = X^(x,t) -X r >'°(x,t). Then 

Z^[x,t) =Ve / a € (X^ € (x,s))dB s + [ (b e (X^ e (x, s)) - b(X^ e (x, s)))ds 
Jo Jo 

+ [ (a e (X^(x, s)) - a(X^(x, s)))r, s d(B) s 
Jo 

+ [ (h e (X r '' e (x,s))-h(X T '' e (x,s)))d(B) s 
'o 

(&(X"' e (a;, s)) -b(X r >'°(x, s)))ds 

+ [ (a(X^(x, s)) - a(X^°(x, s))) Vs d(B) s 
Jo 

+ [ (h(X^(x,s))-h(X^°(x,s)))d(B) s , 



and so for any q > 2, by the BDG inequality under G-expectation and Gronwall's 
equality, there exists a function j(e, 9(e), q, r, a) satisfying j(e, 9(e), q, r, a) — > as 
e -> such that (cf. [H]) 

sup sup E G I sup \Z T1 ' e (x,t)\ q ) < 7(e, 0(e), g, r, a), 

/ T |r) s | 2 <fo<rM<m \te[0,T] 

which yields that 

lim sup sup E G I sup \Z v ' e {x,t)\ q ) = 0. (5.13) 

Finally, by the below Lemma [5.4[ (I5.10p is a consequence of f 1 5 . 1 2 j) and (15.131) . □ 

For given N > 1, for each f e M, g e A, let ^ N \f,g) e C(W x [0,T],M p ) be 
defined by 



V {N) (f,g)(x,t) 

N 

X 

k=l 

N 



+ t 6 (^, (/ , 9) (^))(- At _(^ At 



A' 



J 


N , 


(* 


-1)T\ 




N J 


(* 




at y 



A t |-/[^A t 



■ ' - > . /' 1 vi/ " * ' < /■ !J > 1 ' ■ , ))(</(— A ' ) - '/ I ^ A t 
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Then it is obvious that for any N > 1, (H x A, Phg) 3 (/) g) — > (g) is continuous 
and 



¥ N \f,g)(x,t)=x + / b(¥ N \f,g)(x,Ms)))ds 

Jo 

+ /^(* W (/,<d(W*)))4f(*) 
Jo 

+ fh^^g^Ms^dgis) 



where ir N (s) = for s e [{k - 1)T/N, kT/N), k = 1, • • • , N. 

Lemma 5.3. Assume that (HI) and (H2) hold. Then for any I G (0, oo), 



lim sup p(y(f,g),¥ N \f,g)) = 0. 

N ^°° \\f\\H<lgeA 

Proof. Firstly, by the Lipschitz condition, there exists a constant L\ G (0, oo) such 
that for any x G MP, t G [0,T], / G M,g G A, 

\9(f,g)(x,t)\ <\x\+In f (1 + \9(f,g)(x,s)\)(l + \f(s)\ + \\g'(s) \\ HS ) ds. 

Jo 



Therefore, by Gronwall's inequality, for any m > 1, 



M m := sup sup \V(f,g)(x,t)\ < oo. 

||/||j/</,9GA|x|<m,t6[0,T] 



Furthermore, there exist positive constants L 2 , such that for any \x\ < m, t G 
[0,T], II/Hh <Z, «?g A, 



|*(/^)(x,7r^(t))-*(/^)(a;,t)| 
<L 2 max max ( / I f'(s)\ + \\g'(s)\\ H s) ds < -^1 

l<fc<ATt e [(fc-i)T/Ar,feT/AT] \J (k _ 1)T/N J 
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Therefore, by 

\*W(f,g)(x,t)-*(f,g)(x,t)\ 

< [ \b(¥ N \f,g)(x,7r N (s)))-b(*(f,g)(x,7r N (s)))\ds 
Jo 

+ [ \bW,g)(x,8))-bW,g)(x,K N (8)))\d8 







+ / \{a{¥ N \f,g)(x,Ms))) -^^(f,9)(x,Ms)))) f\s)\ds 
Jo 

+ [ \(a(*(f,g)(x,s))-a(*(f,g)(x,7r N (s))))f'(s)\ds 

(h (¥ N \f, g)(x, Ms))) ~ h (*(/, g)(x, Ms)))) g'(s) | ds 



+ f \{h (*(/, g)(x, s)) - h (¥(/, ^(a)))) </(s)| ds, 
Jo 

there exist positive constants L^,L 5 such that for any \x\ < m, t G [0,T], < ^ 

max|*W(/^)(x, S )-*(/, 5 )(x, S )| 

s€[0,t] 1 1 

L 5 rmax |^)(/^)(x, M )-^(/^)(x, M )|(l + |/( S )| + ||^( S )||^)rf S . 

Therefore, by Gronwall lemma, we obtain that for any m > 1, 

lim snp =0. 

N ~>°° \x\<m,te[o,T],\\f\\H<l,geA 



□ 

Lemma 5.4. Let T > and let {Y x , e = {Y\, e (t),t G [0, T] m }; e G [0, 1], A G A} be a 
family of W -valued continuous processes such that Y\ j€ (t) is quasi- continuous for all 
X,e and t. Assume that there exists constants L G (0, +oo) ; q > and k > such 
that 

sup E G (|F v (t) - r A »n < C|* - s\ m+K , s,t G [0,T] m . (5.14) 

A€A,ee[0,l] 

Thcfi 

^g(( \YUt)-Y x , e (s)\ Y\ , 
sup E sup — — 1— 2 < oo, (5.15) 

AeA,ee[o,i] V Wt I* - s r / / 
/or every a G [0, ^4s a consequence, {{Y\ t e(t),t G [0,T] m };e G [0,1], A G A} zs 

tight under K G , i.e., for any 5 > 0, there exists a compact K$ C C([0, T] m , W) such 
that 

sup c G (Y x<e e Kl) < 5. (5.16) 

AeA,ee[0,l] 
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Furthermore, if for t G [0, T] m and any 5 > 0, 

limsupc G (\Y x>e (t) - Y x (t)\ > 5) = 0, (5.17) 

AeA 

where Y\(t) := Y\fl(t), then Y Xe converges uniformly to Y\ in distribution under WF , 
i.e., for any $ G C b {C([Q, T] m , W)), 

limsupE G (|$(F Ae ) -$(F A )|) = 0. (5.18) 
AeA 

Proof. First, from the proof of the Kolmogorov criterion under G-expectation (cf. 
Theorem 1.36, Chapter VI in [22])), we can obtain (15. 15ft . Since for each a G (0, n/q), 

yEC([0,Tr,W);sn V ly ^~ y ^ )l <r 

is compact subset for any r G (0, oo), by Chebyshev's inequality and (I5.15p . for any 
5 > 0, there exists a compact K s C C([0, T] m , W) such that fIBTTBl holds. 

If for each t G [0, T} m and 5 > 0, (1537) holds. Take a G (0, n/q). For any 5 > 0, 
choose r = r(5) G (0, oo) such that 

sup c G (Y x , e (t) GfC) <5, 

AeA,eG[0,l] 

where K r = |y G C([0, T] m , RP); sup 8 ^ ^yfjjP < 

By continuity of $ and compactness of K r , there exists £ > such that for any 
i/),(p G C{[Q,T\ m ,W) n K r with ||V-y|| <C, <5. 

By the definition of K r , there exist Z > 1, r G (0, (C/3) 1//q: /t) and ti, • • • such 
that [0,T] m = uj =1 C^(*i,r), and 

sup c G I max sup | Y x (t) - Y X {U) \ > C/3, Y x e K r ) = 0, 
AeA Yi<*<^ec/(^, r ) y 

where £/"(*», r) = {t G [0,T] m ; |t-tj| < r} . 

By (I5.17p . there exists e such that for all e G (0, e ), 

max sup c G {\Y x>e {U) - Y X {U)\ > C/3) < 6/3, 
l<*<« AeA 

By triangle inequality 

m,e(t) - nwi < m, e (t) - n >e (*<)i + iyu*o - woi + - 

we have that for all e G (0, eo), 

supc G ( Y A , e G ir r ,r A G tf r , sup |Y A , e (*) - Y x (t)\ > C ] < 5. 
AeA V te[o,r] m y 

Therefore, for all e G (0,e ), sup AeA E G (|$(F V ) - $(1^)1) < (1 + 3M)6, where 
M := sup ygC([o r]mjMP) |$(y)|. This yields (|5.18p. 

□ 
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